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A new mechanical model is established for a non-homogeneous weldment with HAZs and
fusion zones treated as functionally graded materials. The interface-perpendicular anti-
plane fracture problems are analyzed for the HAZ and the weld metal, respectively, by
the methods of Fourier integral transform and Cauchy singular integral equation.
Lobatto–Chebyshev collocation method put forth by Erdogan and Gupta is employed to
obtain numerical results of stress intensity factor (SIF). Parametric studies yield three con-
clusions: (1) overmatching is more beneﬁcial than undermatching to the reduction of the
SIF of a HAZ crack, however, the latter is more effective than the former in reducing the SIF
of a weld-metal crack; (2) the optimum value of mismatch factor is 1.0, and values too
greater or too smaller than this should be avoided in engineering design; (3) when the mis-
match factor is unequal to 1.0, the SIF could be reduced by increasing the absolute value of
the non-homogeneity parameters of HAZs.
 2008 Elsevier Ltd. All rights reserved.1. Introduction
In most cases, a weldment consists of four kinds of typical zones: base metal, heat-affected zone (HAZ), fusion zone and
weld metal. Due to the fusion and inter-diffusion between weld metal and base metal under high temperature of welding,
HAZs and fusion zones might be non-homogeneous, i.e., their properties might vary with spatial coordinate continuously
(Magnabosco et al., 2006).
For the convenience of theoretical researches, the above-mentioned structure of weldment is always simpliﬁed in exist-
ing literatures. On one hand, it is often modeled as a tri-zone structure without the fusion zone (Zhang et al., 1997; Kim and
Schwalbe, 2001a,b) and even a bi-zone structure without both the fusion zone and HAZ (Xuan et al., 2005; Betegon and
Penuela, 2006). On the other hand, all the zones of the weldment are treated as homogeneous. Even the conventional concept
of non-homogeneous weldment only means that it consists of three or two different kinds of zones, each of which has its
own homogeneous material properties (Li et al., 1996). Obviously, such a conventional concept could not exactly character-
ize the continuous variations of material properties in fusion zones and HAZs and across all the interfaces. The results of
weldment testing urge us to take into consideration in theoretical researches the existences of fusion zones and HAZs
and their high heterogeneity (Cheng et al., 2007).
In existing literatures, the effect of strength mismatching between the weld metal and base metal on the fracture behav-
ior of the weldment is a widely concerned topic (Xuan et al., 2005). The degree of mismatching is characterized by the mis-
match factor M, the ratio of a certain strength parameter (e.g., the yield limit) of the weld metal to that of the base metal
(Betegon and Penuela, 2006). The weldment is overmatched whenM > 1, undermatched whenM < 1 and evenmatched when. All rights reserved.
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Y.-D. Li et al. / International Journal of Solids and Structures 45 (2008) 5730–5743 5731M = 1 (Tu and Yoon, 1999; Segle et al., 2000; Xuan et al., 2004, 2005). Previous studies revealed that the stress ﬁelds and
crack resistance curves of welded specimens are highly affected by the mismatch factor (Kirk and Dodds, 1993; Burstow
et al., 1998; Hao et al., 2000). Overmatching and undermatching have their own advantages and disadvantages, respectively;
therefore, the mismatch factor should be carefully selected for weldments (Zhang et al., 1997).
Most of researchers employed the methods of experimental testing (Jang et al., 2003) and ﬁnite element simulation (Kim
and Schwalbe, 2001a,b, 2004;Wang and Pan, 2005; Qian et al., 2007) to investigate the fracture problems of weldments. Ana-
lytical analyses have been scarcely performed up till now (Kim and Schwalbe, 2001c; Tan et al., 2007). Fusion and inter-diffu-
sion between the weld metal and base metal give rise to continuously varying microstructures and properties in HAZs and
fusionzones (Chenget al., 2007). So, these twokindsof zonesarepractically functionallygradedmaterials (FGMs). Themethods
of singular integral equation (Chen and Erdogan, 1996; Wang et al., 2003; Guo and Noda, 2007; Li and Lee, 2008a; Li et al.,
2008b,a) and dual integral equation (Zhou et al., 2005; Hu et al., 2005; Li and Lee, 2008b) widely used in the fracture analysis
of FGMs could also be employed to investigate the fracture problems of weldments. In the present work, a new mechanical
model is established for the non-homogeneousweldmentwithHAZs and fusion zones treated as functionally gradedmaterials.
The methods of Fourier integral transform and Cauchy singular integral equation are used to perform fracture analysis. Para-
metric studies on numerical solutions of stress intensity factor give some suggestions for the optimal design of weldments.
2. Mechanical model
Illustrated in Fig. 1 is the mechanical model of a non-homogeneous weldment. It is assumed that a fusion zone is
produced between the HAZ and weld metal due to high temperature of welding. Therefore, the weldment consists of four
different kinds of zones: base metal, HAZ, fusion zone and weld metal. Every kind of zone except weld metal has two speciﬁc
zones, which are numbered as ijwith i = 1,2,3 referring to base metal, HAZ and fusion zone and j = 1,2 referring to the upper
and lower speciﬁc zones, respectively. The weld metal is numbered as 40. For the convenience of description, all the geomet-
rical and physical quantities of these zones have the corresponding numbers as subscripts.
Due to the fusion and inter-diffusion between weld metal and base metal during the welding process, HAZs and fusion
zones are non-homogeneous. It is assumed that weld metal and base metals are still homogeneous andmaterial properties of
HAZs and fusion zones vary with coordinate y in exponential forms (Li et al., 2006a,b)G21ðyÞ ¼ G40M41 e
b21ðyh21Þ;
G22ðyÞ ¼ G40M42 e
b22ðyþc4Þ;
G31ðyÞ ¼ G40eb31ðyþh31Þ;
G32ðyÞ ¼ G40eb32ðyþc2Þ;
ð1Þwhere G40 is shear modulus of weld metal; c2 and c4 are listed in the Appendix; bij (i = 2,3, j = 1,2) are non-homogeneity
parameters with the dimension of [length]1; M41 and M42 are mismatch factors between weld metal and base metals
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Fig. 1. Mechanical model of a non-homogeneous weldment with a HAZ crack perpendicular to the interface.
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M42 ¼ G40=G12;
ð2Þwhere G11 and G12 are shear moduli of the two base metals.
Because the fusion zone and HAZ are formed by fusion and inter-diffusion between weld metal and base metal, it could be
assumed, with reason, that the values of material properties of the fusion zones and HAZs are between those of weld metal
and the corresponding base metal. Under this assumption and the continuity conditions of material properties across inter-
faces, there are only four possible cases of continuous variations of shear modulus, as illustrated in Fig. 2 with dash lines
denoting the limiting variations.
According to the continuity of shear modulus across interfaces, the relations between non-homogeneity parameters can
be expressed asb31 ¼ ðlnM41 þ b21h21Þ=h31;
b32 ¼ ðlnM42  b22h22Þ=h32;
ð3ÞIn mechanical analysis for non-homogeneous materials, the normalized non-homogeneity parameter is generally chosen
to be in the interval of [3,3] (Chen and Erdogan, 1996). However, for the present problem of the non-homogeneous weld-
ment, it is not the case. The selection of speciﬁc values of non-homogeneity parameters should be subject to both Eq. (3) and
Fig. 2.
3. Fracture analysis
3.1. Problem formulation
As illustrated in Fig. 1, a crack is located in HAZ-21 and perpendicular to the interfaces. The coordinates of the lower and
upper tips and the center of crack are (0,a), (0,b) and (0,c), respectively. The dimension in x-direction is so larger than that in
y-direction that the weldment can be treated as inﬁnite in x-direction.
It is assumed that the weldment in Fig. 1 is subjected to anti-plane shear loading at the inﬁnity of x? ±1 and the crack
surfaces are traction-free. The problem could be regarded as superposition of two sub-problems (Huang et al., 2003; Li et al.,
2006c; Li and Lee, 2007): (a) the uncracked weldment is applied by remote anti-plane shear loading, and the anti-planeG12
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Fig. 2. Four possible cases of continuous variations of shear modulus.
Y.-D. Li et al. / International Journal of Solids and Structures 45 (2008) 5730–5743 5733stress induced at the location of x = 0 is s(y); (b) the cracked weldment is free of remote loading and only the crack surfaces
are loaded by s(y). Problem (a) is only a conventional problem of elasticity and it does not contribute directly to the sin-
gular ﬁelds around crack tips. Therefore, we will only analyze problem (b) here, treating s(y) as a known boundary condi-
tion in crack surfaces. Due to the symmetry of problem (b) with respect to axis y, only the right half of the weldment (i.e.,
xP 0) is investigated herein and the boundary and continuity conditions are stated aswkjðþ1; yÞ ¼ w40ðþ1; yÞ ¼ 0 ðk ¼ 1;2;3; j ¼ 1;2Þ; ð4Þ
wkjð0; yÞ ¼ w22ð0; yÞ ¼ w40ð0; yÞ ¼ 0 ðk ¼ 1;3; j ¼ 1;2Þ; ð5Þ
w21ð0; yÞ ¼ 0; y 2 ½0; a [ ½b; h21 ð6Þ
syz11ðx; c1Þ ¼ syz12ðx;c5Þ ¼ 0; ð7Þ
syz11ðx; h21Þ ¼ syz21ðx; h21Þ;
w11ðx;h21Þ ¼ w21ðx;h21Þ;
ð8Þ
syz21ðx;0Þ ¼ syz31ðx;0Þ;
w21ðx;0Þ ¼ w31ðx;0Þ;
ð9Þ
syz31ðx;h31Þ ¼ syz40ðx;h31Þ;
w31ðx;h31Þ ¼ w40ðx;h31Þ;
ð10Þ
syz40ðx;c2Þ ¼ syz32ðx;c2Þ;
w40ðx;c2Þ ¼ w32ðx;c2Þ;
ð11Þ
syz32ðx;c3Þ ¼ syz22ðx;c3Þ;
w32ðx;c3Þ ¼ w22ðx;c3Þ;
ð12Þ
syz22ðx;c4Þ ¼ syz12ðx;c4Þ;
w22ðx;c4Þ ¼ w12ðx;c4Þ;
ð13Þ
sxz21ð0; yÞ ¼ sðyÞ; y 2 ða; bÞ; ð14Þ
where cj (j = 1,2, . . . ,5) are listed in Appendix.
The constitutive and equilibrium equations for anti-plane problems aresxz ¼ GðyÞ owox ;
syz ¼ GðyÞ owoy ;
ð15Þ
osxz
ox
þ osyz
oy
¼ 0: ð16ÞSubstitution of Eqs. (15) and (1) into Eq. (16) yields governing equations for all the zones:r2w1j ¼ 0; r2w40 ¼ 0
r2wkj þ bkj owkjoy ¼ 0
(
ðk ¼ 2;3; j ¼ 1;2Þ: ð17Þ3.2. Singular integral equation
According to the principle of superposition, the anti-plane displacement ﬁelds satisfying Eqs. (4) and (5) can be obtained
by applying Fourier integral transform to Eq. (17) with respect to y and Fourier sine integral transform to Eq. (17) with re-
spect to x (Erdogan, 1985; Chue and Ou, 2005; Li and Lee, 2007)w1jðx; yÞ ¼ 2p
Z þ1
0
½A1jðsÞesy þ B1jðsÞesy sinðsxÞds;
w40ðx; yÞ ¼ 2p
Z þ1
0
½A40ðsÞesy þ B40ðsÞesy sinðsxÞds;
5734 Y.-D. Li et al. / International Journal of Solids and Structures 45 (2008) 5730–5743w3jðx; yÞ ¼ 2p
Z þ1
0
½A3jðsÞep3jy þ B3jðsÞeq3jy sinðsxÞds;
w2jðx; yÞ ¼ 2p
Z þ1
0
½A2jðsÞep2jy þ B2jðsÞeq2jy sinðsxÞdsþ 12p
Z þ1
1
d1jC2jðsÞeða2jxþisyÞds; ð18Þwhere j = 1,2; d1j is Kronecker delta, which is 1 if its two subscripts are equal and 0 otherwise; Akj(s), Bkj(s), C2j(s) (k = 1,2,3,
j = 1,2), A40(s) and B40(s) are unknown coefﬁcient functions; pkj, qkj and a2j (k = 2,3; j = 1,2) are known functions listed in
Appendix.
In order to derive the singular integral equation, an auxiliary function is introduced (Erdogan, 1985)gðyÞ ¼ ow21ð0; yÞ
oy
: ð19ÞIt follows from Eqs. (19) and (6) thatgðyÞ ¼ 0; y 2 ½0; a [ ½b;h21; ð20ÞZ b
a
gðtÞdt ¼ 0: ð21ÞApplying Fourier integral transform to Eq. (19) with respect to y and taking Eqs. (20) and (18) into consideration yieldC21ðsÞ ¼ is
Z b
a
gðtÞeistdt; ð22ÞBy applying Fourier sine transform to Eq. (18) with respect to x and taking Eq. (22) and the following Fourier sine trans-
form formula into consideration (Gradshteyn and Ryzhik, 1980)Z þ1
0
eay sinðsyÞds ¼ s
s2 þ a2 ð23Þthen the displacements in Fourier domain can be expressed asw1jðs; yÞ ¼ A1jðsÞesy þ B1jðsÞesy;
w40ðs; yÞ ¼ A40ðsÞesy þ B40ðsÞesy;
w3jðs; yÞ ¼ A3jðsÞep3jy þ B3jðsÞeq3jy;
ð24Þ
w2jðs; yÞ ¼ A2jðsÞep2jy þ B2jðsÞeq2jy þ d1j
Z b
a
gðtÞ 1
2p
Z þ1
1
iseikðtyÞ
kðs2 þ k2 þ ib21kÞ
dkdt; ð25Þwhere wkjðs; yÞ ¼
Rþ1
0 wkjðx; yÞ sinðsxÞdx (k = 1,2,3; j = 1,2); w40ðs; yÞ ¼
Rþ1
0 w40ðx; yÞ sinðsxÞdx.
It follows from Eqs. (24), (25) and (15) thatsyz1jðs; yÞ ¼ G1js½A1jðsÞesy þ B1jðsÞesy;
syz40ðs; yÞ ¼ G40s½A40ðsÞesy þ B40ðsÞesy;
syz3jðs; yÞ ¼ G3jðyÞ½p3jA3jðsÞep3jy þ q3jB3jðsÞeq3jy;
ð26Þ
syz2jðs; yÞ ¼ G2jðyÞ½p2jA2jðsÞep2jy þ q2jB2jðsÞeq2jy þ d1jG2jðyÞ
Z b
a
gðtÞ 1
2p
Z þ1
1
seikðtyÞ
s2 þ k2 þ ib21k
dkdt; ð27Þwhere syzkjðs; yÞ ¼
Rþ1
0 syzkjðx; yÞ sinðsxÞdx (k = 1,2,3; j = 1,2); syz40ðs; yÞ ¼
Rþ1
0 syz40ðx; yÞ sinðsxÞdx.
Applying Fourier sine transform about x to Eqs. (7)–(13), substituting Eqs. (24)–(27) into them and using the residue the-
orem to solve the inﬁnite integrals therein,1
2p
Z þ1
1
iseikt
kðs2 þ k2 þ ib21kÞ
dk ¼ p21e
q21t  q21ep21t
sðp21  q21Þ
 1
s
;
1
2p
Z þ1
1
seikt
s2 þ k2 þ ib21k
dk ¼ sðe
p21t  eq21tÞ
q21  p21
;
ð28Þthen, one can obtain a group of algebraic equations in the formA11ðsÞe2sc1 þ B11ðsÞ ¼ 0;
A12ðsÞ þ B12ðsÞe2sc5 ¼ 0;
ð29Þ
Y.-D. Li et al. / International Journal of Solids and Structures 45 (2008) 5730–5743 5735A11ðsÞesh21 þ B11ðsÞesh21  A21ðsÞep21h21  B21ðsÞeq21h21 
Z b
a
gðtÞF1ðs; tÞdt ¼ 0;
s½A11ðsÞesh21 þ B11ðsÞesh21  þ p21A21ðsÞep21h21 þ q21B21ðsÞeq21h21 
Z b
a
gðtÞF2ðs; tÞdt ¼ 0;
ð30Þ
A31ðsÞ þ B31ðsÞ  A21ðsÞ  B21ðsÞ 
Z b
a
gðtÞF3ðs; tÞdt ¼ 0;
p21A21ðsÞ þ q21B21ðsÞ  p31A31ðsÞ  q31B31ðsÞ 
Z b
a
gðtÞF4ðs; tÞdt ¼ 0;
ð31Þ
s½A40ðsÞesh31 þ B40ðsÞesh31  þ p31A31ðsÞep31h31 þ q31B31ðsÞeq31h31 ¼ 0;
A40ðsÞesh31 þ B40ðsÞesh31  A31ðsÞep31h31  B31ðsÞeq31h31 ¼ 0;
ð32Þ
s½A40ðsÞec2s þ B40ðsÞec2s þ p32A32ðsÞec2p32 þ q32B32ðsÞec2q32 ¼ 0;
A40ðsÞec2s þ B40ðsÞec2s  A32ðsÞec2p32  B32ðsÞec2q32 ¼ 0;
ð33Þ
p32A32ðsÞec3p32 þ q32B32ðsÞec3q32  p22A22ðsÞec3p22  q22B22ðsÞec3q22 ¼ 0;
A32ðsÞec3p32 þ B32ðsÞec3q32  A22ðsÞec3p22  B22ðsÞec3q22 ¼ 0;
ð34Þ
s½A12ðsÞec4s þ B12ðsÞec4s þ p22A22ðsÞec4p22 þ q22B22ðsÞec4q22 ¼ 0;
A22ðsÞec4p22 þ B22ðsÞec4q22  A12ðsÞec4s  B12ðsÞec4s ¼ 0;
ð35Þwhere Fj(s, t) (j = 1,2,3,4) are known functions listed in Appendix.
By solving Eqs. (29)–(35), all the unknown coefﬁcient functions can be expressed by the auxiliary function, among which
A21(s) and B21(s) are of the formA21 ¼
Z b
a
ðQ1a211 þ a212ÞgðtÞdt;
B21 ¼
Z b
a
ðQ1b211 þ b212ÞgðtÞdt;
ð36Þwhere Q1, a211, a212, b211 and b212 are known functions listed in Appendix.
It follows from Eqs. (36), (22), (18) and (15) thatsxz21ð0; yÞ ¼ G21ðyÞp
Z b
a
gðtÞ½k0ðt; yÞ þ k2ðt; yÞdt; ð37Þwhere k0ðt; yÞ ¼  i2
Rþ1
1
1
s
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
s2 þ ib21s
p
eisðtyÞds;k2ðt; yÞ ¼ 2
Z þ1
0
½ðQ1a211 þ a212Þep21y þ ðQ1b211 þ b212Þeq21ysds:Substitution of Eq. (37) into Eq. (14) gives an integral equation1
p
Z b
a
gðtÞ½k0ðt; yÞ þ k2ðt; yÞdt ¼ sðyÞG21ðyÞ ; y 2 ða; bÞ: ð38ÞWhen jnj?1, the asymptotic value of
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
s2 þ ib21s
p
=s is sgn(s). Therefore, according to the formula of Riemann–Lebesgue,Rþ1
1 sgnðsÞeisðtyÞds ¼ 2i=ðt  yÞ, one can convert Eq. (38) into a ﬁrst kind of Cauchy singular integral equation
1
p
Z b
a
gðtÞ½1=ðt  yÞ þ k1ðt; yÞ þ k2ðt; yÞdt ¼ sðyÞG21ðyÞ ; ð39Þwhere k1ðt; yÞ ¼
Rþ1
0
1
s ð
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
s2 þ ib21s
p
 jsjÞ sin½sðt  yÞds.
Introducing linear transforms ~t ¼ ðt  cÞ=ðb cÞ 2 ð1;1Þ and ~y ¼ ðy cÞ=ðb cÞ 2 ð1;1Þ, one can recast Eq. (39) and the
single-valuedness condition of displacement in Eq. (21) into normalized form1
p
Z 1
1
~gð~tÞ½1=ð~t  ~yÞ þ ~k1ð~t; ~yÞ þ ~k2ð~t; ~yÞd~t ¼
~sð~yÞeG21ð~yÞ ;Z 1
1
~gð~tÞd~t ¼ 0;
ð40Þ
5736 Y.-D. Li et al. / International Journal of Solids and Structures 45 (2008) 5730–5743where c=(a + b)/2; ~gð~tÞ ¼ g½ðb cÞ~t þ c; ~sð~yÞ ¼ s½ðb cÞ~yþ c; eG21ð~yÞ ¼ G21½ðb cÞ~yþ c; ~k1ð~t; ~yÞ ¼ ðb cÞk1½ðb cÞ~tþ
c; ðb cÞ~yþ c; ~k2ð~t; ~yÞ ¼ ðb cÞk2½ðb cÞ~t þ c; ðb cÞ~yþ c:Eq. (40) can be solved by the Lobatto–Chebyshev collocation
method (Erdogan and Gupta, 1972). The unknown function ~gð~tÞ could be expanded as truncated series in terms of Chebyshev
polynomials~gð~tÞ ¼ 1ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 ~t2
p
Xn
j¼1
DjTjð~tÞ; ð41Þwhere Dj (j = 1,2, . . . ,n) are unknown coefﬁcients and Tjð~tÞ (j = 1,2, . . . ,n) are the ﬁrst kind of Chebyshev polynomials.
Using Eq. (41) and the property of Chebyshev polynomials1
p
Z 1
1
Tj
ð~t  ~yÞ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 ~t2
p d~t ¼ 0; j ¼ 0; j
~yj < 1;
Uj1ð~yÞ; jP 1; j~yj < 1;

ð42Þone can convert Eq. (40) asXn
j¼1
DjUj1ð~yÞ þ 1p
Z 1
1
~k1ð~t; ~yÞ þ ~k2ð~t; ~yÞ
h i
~gð~tÞd~t ¼ ~sð~yÞeG21ð~yÞ ;Z 1
1
~gð~tÞd~t ¼ 0;
ð43Þwhere Uj1ð~yÞ is the second kind of Chebyshev polynomials.
Discretize ~t and ~y as~tk ¼ cos ð2k 1Þp2n ðk ¼ 1;2; . . . ; nÞ;
~yr ¼ cos rpn ðr ¼ 1;2; . . . ;n 1Þ:
ð44ÞEmploying the discrete values in Eq. (44) and the relationXn
k¼1
Tjð~tkÞ
nð~tk  ~yrÞ
¼ 0; j ¼ 0;
Uj1ð~yrÞ; 0 < j < n;

ð45Þone can ﬁnally recast Eq. (43) into a system of algebraic equationsXn
k¼1
Xn
j¼1
f½1=ð~tk  ~yrÞ þ ~k1ð~tk; ~yrÞ þ ~k2ð~tk; ~yrÞDjTjð~tkÞg ¼ n
~sð~yrÞeG21ð~yrÞ ;Xn
k¼1
Xn
j¼1
½DjTjð~tkÞ ¼ 0;
ð46Þwhere r = 1,2, . . . ,n  1.
The numerical solutions of Dj (j = 1,2, . . . ,n) can be obtained from Eq. (46). The mode III stress intensity factors (SIFs) for
the two crack tips can be further evaluated as (Li and Lee, 2007; Li et al., 2008a)Ka ¼ G40M41 e
b21ðah21Þ ﬃﬃﬃﬃﬃﬃﬃﬃpa0p Xn
j¼1
Dj cosðjpÞ;
Kb ¼  G40M41 e
b21ðbh21Þ ﬃﬃﬃﬃﬃﬃﬃﬃpa0p Xn
j¼1
Dj;
ð47Þwhere a0=(b  a)/2 is the half-length of crack.
4. Numerical result and analysis
Numerical computations are performed with crack surfaces subjected to uniform anti-plane traction s0. The half-length a0
of crack is ﬁxed, and it is employed to normalize geometrical parameters, which are assumed to be h1j/a0 = 50, h2j/a0 = 2.5,
h3j/a0 = 0.125 and h40/a0 = 2.5 with j = 1,2. The normalized SIFs are evaluated asKa ¼ Kas0 ﬃﬃﬃﬃﬃﬃﬃﬃpa0p ; Kb ¼ Kbs0 ﬃﬃﬃﬃﬃﬃﬃﬃpa0p : ð48Þ
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With the crack located at the center of HAZ-21 (i.e., c/a0 = 1.25), the effects of mismatch factors and non-homogeneity
parameters are illustrated in Figs. 3–5.2.4 
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Fig. 3. The effects of mismatch factors on the normalized SIF of HAZ-21 crack (b21 = b22 = 0; h1j/a0 = 50; h2j/a0 = 2.5; h3j/a0 = 0.125; h40/a0 = 2.5; c/a0 = 1.25;
j = 1,2).
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Fig. 5. The effects of b21h21 and M41 on the normalized SIF of HAZ-21 crack (b22 = 0; M42 =M41; h1j/a0 = 50; h2j/a0 = 2.5; h3j/a0 = 0.125; h40/a0 = 2.5; c/
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Fig. 6. The effects of mismatch factors on the normalized SIF of the weld-metal crack (b21 = b22 = 0; h1j/a0 = 50; h2j/a0 = 2.5; h3j/a0 = 0.125; h40/
a0 = 2.5;j = 1,2).
5738 Y.-D. Li et al. / International Journal of Solids and Structures 45 (2008) 5730–5743With b21 = b22 = 0, the effects of the two mismatch factors are compared in Fig. 3. It is indicated that, when M42 is ﬁxed
and M41 varies from 0.5 to 3.0, SIFs of both crack tips decrease remarkably; however, when M41 is ﬁxed and M42 varies from
0.5 to 3.5, SIFs only increase very little.
Y.-D. Li et al. / International Journal of Solids and Structures 45 (2008) 5730–5743 5739Given in Fig. 4 is the effect of the dimensionless non-homogeneity parameter b22h22 on the SIF of HAZ-21 crack, where it is
assumed that b21 = 0 and M41 =M42 =M. It follows that SIF of HAZ-21 crack nearly never vary with b22h22.
From Figs. 3 and 4, it is concluded that themismatch factorM42 and non-homogeneity parameter b22 of the lower-half weld-
ment only have very little inﬂuences on the SIF of HAZ-21 crack in the upper-half. Hence, to study the facture behavior ofHAZ-21,
wemight only pay attention to the effects of themismatch factor and non-homogeneity parameter of the upper-half weldment.
With b22 = 0 and M42 =M41, the effects of b21, h21 and M41 on the SIF of HAZ-21 crack are illustrated in Fig. 5. It is found
that the SIFs of both crack tips decease notably with M41 increasing and the SIF of the overmatching case (i.e., M41 > 1) is
always less than that of the undermatching case (i.e., M41 < 1).
It also follows from Fig. 5 that the SIFs of both crack tips decrease with b21h21 increasing, and b21h21 has muchmore prom-
inent effect on the SIFs of tip-a (the lower tip) than on those of tip-b (the upper tip). In addition, it is found from Fig. 2 that
with b21h21 increasing the relative stiffness of HAZ-21 decreases and the relative stiffness of the tip-a region decreases more
rapidly than that of the tip-b region. Hence, to lower down the relative stiffness of HAZ-21 will be effective in reducing the
SIF of crack therein.
For comparison, the anti-plane fracture problem of the weld-metal zone is also analyzed in the present work with the
methods of Fourier integral transform and Cauchy singular integral equation. A crack perpendicular to the interfaces is as-
sumed to locate at the center of weld metal, also with tip-a downward and tip-b upward.
Illustrated in Fig. 6 is the effects of mismatch factors on the SIFs of such a weld-metal crack. It follows that the SIFs of both
tips increase with the mismatch factor increasing. It is still found that M41 has more remarkable effect on the SIFs of tip-b
than on those of tip-a and M42 has more remarkable effect on the SIFs of tip-a than on those of tip-b.
With b22h22 = 0 andM41 =M42 =M, Fig. 7 shows the effects of b21h21 andM on the SIFs of the weld-metal crack. Again, it is
indicated that undermatching is more beneﬁcial than overmatching to the reduction of the SIFs of both tips. The SIFs in-
creases with b21h21 increasing. b21h21 has more remarkable effect on the SIFs of tip-b than on those of tip-a.(a) M< 1 
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Fig. 7. The effects of b21h21 and M on the normalized SIF of the weld-metal crack (b22h22 = 0; M41 =M42 =M; h1j/a0 = 50; h2j/a0 = 2.5; h3j/a0 = 0.125; h40/
a0 = 2.5; j = 1,2).
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4.2.1. Optimization by mismatch factor
Comparison between Figs. 5 and 7 indicates that to increase the mismatch factor will lower down the SIF of a HAZ crack,
however, it will meanwhile enhance the SIF of a weld-metal crack. Therefore, to select a suitable value for the mismatch fac-
tor is a signiﬁcant problem in the anti-fracture design of a weldment. In order to get a practical guideline for the selection of
mismatch factor, the effects of mismatch factor on the SIFs of a HAZ crack and a weld-metal crack are compared in Fig. 8,
where b21 = b22 = 0 and M41 =M42 =M. It is indicated that in order to lower down the SIFs we should not choose very large
or very small values for the mismatch factor. The optimum value of mismatch factor seems to be 1.0, i.e., evenmatching is
better than either overmatching or undermatching.
4.2.2. Optimization by non-homogeneity parameter
Though evenmatching is the best choice for the strength design of a weldment, it is an idealized case after all. In engi-
neering, more general cases are either undermatching or overmatching. When evenmatching is unavailable in practice,
we might still reduce the SIFs of a weldment through other ways, e.g., by selecting more beneﬁcial values for non-homoge-
neity parameters.
For the undermatching case (i.e., M41 < 1, M42 < 1) in Fig. 2a, with b21h21 increasing, the SIF of a HAZ-21 crack decreases
(see Fig. 5a) and that of the weld-metal crack increases (see Fig. 7a), and the former is generally larger than the latter, i.e., the
SIF of a HAZ crack is in dominance. In addition, it deserves noting that b22 6 0 when M41 < 1 and M42 < 1 (see Fig. 2a). Based
on the structural characteristic of the weldment, it can be inferred that if HAZ-22 is cracked, decreasing b22h22 (i.e., increas-
ing its absolute value) will reduce its SIF. Therefore, it can be concluded that the anti-fracture capability of an undermatching
weldment could be improved by decreasing the dominant SIF, i.e., increasing the absolute value of the non-homogeneity
parameters of HAZs.
For the overmatching case (i.e., M41 > 1, M42 > 1) in Fig. 2b, with b21h21 decreasing (i.e., its absolute value increasing), the
SIF of the HAZ-21 crack increases (see Fig. 5b) and that of the weld-metal crack decreases (see Fig. 7b), and the latter is gen-
erally greater than the former, i.e., the SIF of the weld-metal crack is in dominance. Therefore, it can be concluded that the
anti-fracture capability of an overmatching weldment could be improved also by increasing the absolute value of non-homo-
geneity parameters of HAZs.
Besides the above two cases, there might exist some mixed-matching weldments (see Fig. 2c and d). For a mixed-match-
ing case, the SIF of the crack in the stiffer HAZ is in dominance. So, the anti-fracture capability of a mixed-matching weld-
ment could be improved by decreasing such a dominant SIF, i.e., increasing the absolute value of the non-homogeneity
parameter of the stiffer HAZ.
In summary, for any case of undermatching, overmatching and mixed-matching, the anti-fracture capability of a weld-
ment could be improved by increasing the absolute value of non-homogeneity parameters of HAZs.
4.3. Discussion
Last but not the least, it deserves noting that some approximations are enforced to achieve the above derivation and com-
putation. These approximations are implicitly presented by the boundary conditions in Eqs. (4)–(7) and the distribution of
traction applied on crack surfaces.
Eq. (7) is accurate only for the case that the weldment is symmetrically mismatched (e.g. the cases 1 and 2 in Fig. 2) and
the crack is located in the middle of the welded joint (e.g., the weld-metal crack studied in Figs. 6 and 7). The deviation2.4 
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Fig. 8. The effect of mismatch factor on the normalized SIF (b 21 = b22 = 0; M41 =M42 =M; h1j/a0 = 50; h2j/a0 = 2.5; h3j/a0 = 0.125; h40/a0 = 2.5; j = 1,2).
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or equal to 5% in all the present computations, therefore, the deviation is acceptable for general engineering applications.
In addition, the fracture analysis in Section 3 holds only under the assumption that the dimension in x-direction of the
weldment is so larger than that in y-direction that the weldment can be treated as inﬁnite in x-direction. The boundary con-
dition in Eq. (4) can be employed only under this assumption when the weldment is loaded on the crack surfaces. Such an
assumption also leads to the symmetry of the present problem with respect to axis y. This symmetry is expressed by the
symmetric boundary conditions in Eqs. (5) and (6). It deserves noting that all practical weldments only have ﬁnite dimen-
sions and a certain deviation from practical cases may exist for the present work. Therefore, the present result should be
carefully applied in engineering, especially when the dimension in x-direction of the weldment is not quite larger than that
in y-direction.
For simplicity, the numerical computations in Figs. 3–8 are performed under the assumption that crack surfaces are
subjected to uniform anti-plane traction s0. Actually, the traction applied on crack surfaces is generally no longer constant
for the non-homogeneous mismatched weldments and the deviation of SIF caused by an assumed stress distribution
might be remarkable compared with that caused by elastic modulus’ mismatching. Especially, asymmetrically distributed
crack-surface traction always has different inﬂuences on the extension forces of the two crack tips. It is therefore proposed
that different distributions of crack-surface loading be investigated to explore the corresponding effects on the SIF. Tan
et al. (2007) studied the effects of arbitrary weld residual stress acting in the crack surfaces on the SIFs of the left and
right crack tips. The results of the present work and that of Tan et al. (2007) provide good references for the investigation
of this problem.
In the present work, the crack is located in the HAZ (see Fig. 1) or weld metal (e.g., the crack studied in Figs. 6 and
7), and the crack tip stress ﬁelds have the conventional square-root singularity. In engineering, the crack may also touch
an interface (e.g., a = 0 or b = h21 in Fig. 1) and the singularity of the crack tip stress ﬁelds may change profoundly. It is
therefore also proposed that an interface-touching crack be investigated for this new model of non-homogeneous mis-
matched weldment.5. Conclusions
A new mechanical model is established for the non-homogeneous weldment with the HAZs and fusion zones treated
as functionally graded materials. The pertinent anti-plane fracture analysis is performed by the methods of Fourier inte-
gral transform and Cauchy singular integral equation. Parametric studies based on the numerical results of SIFs indicate
that
(1) Overmatching is more beneﬁcial than undermatching to the reduction of the SIF of a HAZ crack, however, the latter is
more effective than the former in decreasing the SIF of a weld-metal crack.
(2) The optimum value of mismatch factor is 1.0, and values too greater or too smaller than this should be avoided in engi-
neering design.
(3) When the mismatch factor is unequal to 1.0, the SIF of the weldment could be reduced by increasing the absolute
value of the non-homogeneity parameters of HAZs.
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Appendix
c1 ¼ h11 þ h21; c2 ¼ h31 þ h40; c3 ¼ c2 þ h32; c4 ¼ c3 þ h22; c5 ¼ c4 þ h12;ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃq  ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃq 
pkj ¼
1
2
bkj  b2kj þ 4s2 ; qkj ¼
1
2
bkj þ b2kj þ 4s2 ðk ¼ 2;3; j ¼ 1;2Þ;
a2j ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
s2 þ ib2js
q
ðj ¼ 1;2Þ;
Q1 ¼ fa222½sðd3  d4Þ  p22ðd3 þ d4Þ þ b222½sðd1  d2Þ  q22ðd1 þ d2Þg=d5;
d1 ¼ eðq22þ2sÞc4 ; d2 ¼ eðq22c4þ2sc5Þ; d3 ¼ eðp22þ2sÞc4 ; d4 ¼ eðp22c4þ2sc5Þ;
d5 ¼ a221½p22ðd3 þ d4Þ þ sðd4  d3Þ þ b221½q22ðd1 þ d2Þ þ sðd2  d1Þ;
a221 ¼ ½a321ep32c3 ðq22  p32Þ þ b321eq32c3 ðq22  q32Þep22c3=ðq22  p22Þ;
a222 ¼ ½a322ep32c3 ðq22  p32Þ þ b322eq32c3 ðq22  q32Þep22c3=ðq22  p22Þ;
5742 Y.-D. Li et al. / International Journal of Solids and Structures 45 (2008) 5730–5743b221 ¼ ½a321ep32c3 ðp22  p32Þ þ b321eq32c3 ðp22  q32Þep22c3=ðq22  p22Þ;
b222 ¼ ½a322ep32c3 ðp22  p32Þ þ b322eq32c3 ðp22  q32Þep22c3=ðq22  p22Þ;
a321 ¼ ½a401ep40c2 ðq32 þ sÞ þ b401eq40c2 ðq32  sÞep32c2=ðq32  p32Þ;
a322 ¼ ½a402ep40c2 ðq32 þ sÞ þ b402eq40c2 ðq32  sÞep32c2=ðq32  p32Þ;
b321 ¼ ½a401ep40c2 ðp32 þ sÞ þ b401eq40c2 ðp32  sÞep32c2=ðq32  p32Þ;
b322 ¼ ½a402ep42c2 ðp32 þ sÞ þ b402eq40c2 ðp32  sÞep32c2=ðq32  p32Þ;
a401 ¼ ½a311ep31h31 ðs p31Þ þ b311eq31h31 ðs q31Þesh31=ð2sÞ;
a402 ¼ ½a312ep31h31 ðs p31Þ þ b312eq31h31 ðs q31Þesh31=ð2sÞ;
b401 ¼ ½a311ep31h31 ðsþ p31Þ þ b311eq31h31 ðsþ q31Þesh31=ð2sÞ;
b402 ¼ ½a312ep31h31 ðsþ p31Þ þ b312eq31h31 ðsþ q31Þesh31=ð2sÞ;
a311 ¼ ½a211ðq31  p21Þ þ b211ðq31  q21Þ=ðq31  p31Þ;
a312 ¼ ½ðF4 þ q31F3Þ þ a212ðq31  p21Þ þ b212ðq31  q21Þ=ðq31  p31Þ;
b311 ¼ ½a211ðp31  p21Þ þ b211ðp31  q21ÞÞ=ðp31  q31Þ;
b312 ¼ ½ðF4 þ p31F3Þ þ a212ðp31  p21Þ þ b212ðp31  q21Þ=ðp31  q31Þ;
a211 ¼ ½q21ð1þ e2sh11 Þ þ sð1 e2sh11 Þeðsþp21Þh21=ðq21  p21Þ;
a212 ¼ ðq21F1 þ F2Þep21h21=ðq21  p21Þ;
b211 ¼ ½p21ð1þ e2sh11 Þ þ sð1 e2sh11 Þeðsþq21Þh21=ðp21  q21Þ;
b212 ¼ ðp21F1 þ F2Þeq21h21=ðp21  q21Þ;
F1 ¼ ½p21eq21ðth21Þ  q21ep21ðth21Þ  ðp21  q21Þ=½sðp21  q21Þ;
F2 ¼ sðep21ðth21Þ  eq21ðth21ÞÞ=ðq21  p21Þ;
F3 ¼ ½p21eq21t  q21ep21t  ðp21  q21Þ=½sðp21  q21Þ;
F4 ¼ sðep21t  eq21tÞ=ðq21  p21Þ:References
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